The operator product expansion (OPE) in 4d (super)conformal field theory is of broad interest, for both formal and phenomenological applications. In this paper, we use conformal perturbation theory to study the OPE of nearly-free fields coupled to SCFTs.
Introduction
Conformal field theories (CFTs) and superconformal field theories (SCFTs) play a valuable role in our understanding of quantum field theories. Many interacting theories are believed to flow to (S)CFTs, while many more can be understood as small deformations away from conformality. Furthermore, through the AdS/CFT correspondence, CFTs are a useful tool for understanding quantum gravity.
Combined with unitarity, the enhanced symmetry of these theories has long been known to impose significant constraints on the spectrum of operator dimensions [1, 2] .
These "unitarity bounds" have played a valuable role in our understanding of the phases of supersymmetric gauge theories [3] . In addition, a-maximization [4] has made it possible to compute the dimensions of chiral operators in proposed IR SCFTs, and unitarity bounds can be used to test the consistency of such proposals.
In recent years, there has been significant progress in using conformal invariance to constrain the spectrum of primaries that can appear in the operator product expansion (OPE) of scalar operators. Specifically, given a CFT with a scalar primary operator X of dimension ∆ X , the OPE takes the form
where the c i are the OPE coefficients, ∆ i are the dimensions of the scalar primary operators S i and . . . signifies higher spin operators and conformal descendants. Applying the OPE to the four point function of X, [5] [6] [7] [8] were able to place an upper bound on
where ∆ min denotes the smallest ∆ i that appears in the OPE. Subsequent work has extended these results, including to supersymmetric theories [9] [10] [11] .
In the context of supersymmetry, there has been much interest in theories with large anomalous dimensions, in part because of their many applications to model building, see e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] (for non-SUSY motivation, see e.g. [5, 30] and references therein). For example, one can try to resolve the µ/Bµ problem by using an SCFT with δ min > 0 [12] [13] [14] [15] . We often imagine generating µ and Bµ at the SUSY breaking scale through the F-term of a chiral operator X via the effective lagrangian
While these assumptions may seem restrictive, it is plausible that this setup actually applies to all examples of SCFTs with a chiral operator with dimension close to one. In the limit ǫ → 0, the operator X must become free and will decouple from any other fields.
Furthermore, X must be gauge invariant. Provided there is some Lagrangian description of X, this suggests the above description should hold in some duality frame.
The organization of the paper is as follows: In Section 2, we will explain how the bounds on scalar operators in the OPE of chiral primaries in an SCFT can be understood from conformal perturbation theory. The presentation in this section will be mostly general, making only a few simplifying assumptions about the form of the SCFT. In Section 3, we will compare these results with concrete examples derived from Banks-Zaks-like
SCFTs. The results in this section agree with the results of conformal perturbation theory but are derived in a more conventional language. We will summarize our results and men-
tion some interesting open problems in Section 4. Appendix A contains the details of the conformal perturbation theory calculations. Appendix B addresses complications arising from the presence of global symmetries. Appendix C contains further details regarding the matching between the results of Section 2 and 3.
Scaling Behavior of Nearly Free Fields

Setup
Consider a 4d interacting SCFT P 1 which contains a chiral operator O of dimension ∆ O = 2 − ǫ. The OPE of O and O † is given by:
where L i are real scalar multiplets with dimension ∆ i = 2 + ν i , ν i ≥ 0, and . . . denotes descendants and operators with higher spin. All primary scaling operators in this paper will be "CFT-canonically normalized" as in (2.1), i.e. with the coefficient of the leading singularity set to one.
Now consider adding to P 1 a free chiral superfield X, and the deformation
where we have introduced the Wilsonian cutoff scale Λ in order to make λ dimensionless.
Note that X is not a canonically normalized field; this is to obey the more natural CFT normalization described in the previous paragraph. When 0 < ǫ ≪ 1, this theory will flow to a new fixed point, P 2 , with λ ∼ O( √ ǫ). At the new fixed point, we would like to know what is the lowest dimension scalar operator that appears in the OPE of X and X † .
Candidate operators include X † X and the L i . In general, these are not scaling operators at the new fixed point P 2 , but will instead mix with one another. As we will see in the following subsections, when the dimensions of L i are approximately 2, this mixing is the dominant contribution to δ min .
We will focus on the case where conserved currents are absent in the X † (x)X(0) OPE.
In the free theory, X † X is the conserved current associated with the symmetry U (1) X .
This current is broken by (2.2) but, in general, new conserved currents could arise from a combination of U (1) currents broken by the superpotential interaction, i.e. a combination of U (1) X and U (1)'s from P 1 under which O is charged. The unitarity bounds ensure that any such current would have dimension two, and therefore would trivially satisfy
To simplify the discussion in this section, we will assume that O is a singlet under all the global symmetries of P 1 , i.e. the ν i are strictly positive in (2.1). This ensures that the deformation (2.2) breaks the U (1) X symmetry completely, and then absence of conserved currents is trivially guaranteed. In appendix B, we will generalize to the (considerably more complicated) case of charged O. With some mild assumptions, all the results of this section carry over to charged O, provided that conserved currents remain absent in the X † X OPE.
RG flow
Under the assumption that ǫ ≪ 1, we can understand the RG flow induced by (2.2) using conformal perturbation theory. Without loss of generality, λ will be real, as its phase can be removed by a field redefinition of X. As above, Λ will denote the sliding Wilsonian cutoff scale.
Once we introduce the deformation by a single operator, as in (2.2), other operators will also contribute to the RG flow at higher orders in λ. Therefore, the RG is actually described by the flow in a larger space of couplings. We will include these additional operators in the Lagrangian as
Here Z X is the wavefunction renormalization of X and y i are coupling constants. The . . . denote operators that that do not appear in the O † O OPE. The counterterms for these can only arise at higher orders in λ, and so they will not contribute to our analysis in this paper. We have also dropped operators of the form X † XL i as they contribute at the same order as L i of dimension ∆ i > 4 and will be negligible in the regimes of interest.
We have included explicit Λ dependence to make all the couplings dimensionless. By a non-renormalization theorem [34] , we have chosen a holomorphic scheme such that no additional operators appear in the superpotential.
If we work in a holomorphic scheme, there is no renormalization of λ and its beta function β λ ≡ dλ d log Λ is given purely by the classical contribution, β λ = −ǫλ. In addition, there is wavefunction normalization, namely
(where Λ 0 is some arbitrary reference scale). In this scheme, as we flow to the IR (Λ → 0), λ and Z X will run to infinity. To see that we reach a fixed point, we redefine X and λ to make the former (nearly) canonical
After the redefinition, the beta function of λ (henceforth dropping the "phys" superscripts) becomes
Regardless of the form of γ X (λ, y i ), we see that the fixed point will arise at γ X (λ ⋆ , y i ⋆ ) = ǫ.
As expected, the dimension of X at P 2 is ∆ X = 1 + γ X (λ ⋆ , y i ⋆ ) = 1 + ǫ.
In order to the determine the dimensions of operators at P 2 , we will need to know the functional form of γ X . Expanding γ X in powers of λ and y i , we find
We have relegated the detailed computations to appendix A. Here c i is the OPE coefficient
I is a function of ν i and ǫ which is smooth everywhere, and which we have normalized so that:
The . . . in (2.6) includes important corrections at O(λ 4 ). Ideally we would also compute these corrections for completeness. However, the calculation is third order in conformal perturbation theory and beyond the scope of this work.
Finally, we also need the leading-order beta functions for the couplings y i . There is a classical contribution to the beta functions from the explicit scale dependence, β y i = ν i y i + . . .. The leading order correction in λ was already determined using conformal perturbation theory in [15] ; we have redone it in appendix A with the notation and conventions of this paper for completeness sake. As a result of this calculation, one finds
where c i is again the same OPE coefficient as appears in (2.1) and (2.6). We see that y i will flow to a fixed point y i⋆ ≈ 1 2
⋆ . For the theory to be under control and conformal perturbation theory to be valid, we obviously need y i⋆ ≪ 1. This places a restriction on the range of ν i relative to the other parameters. In general, we need
If c i ∼ O(1), then ν i must be parametrically larger than ǫ. If, on the other hand, c i ≪ 1 (as in the perturbative examples we will study in section 3), then ν i can be much smaller.
Of course, theories where ν i violates (2.9) are perfectly valid, they just cannot be described using conformal perturbation theory around y i = 0. Instead, it makes more sense to treat the corresponding operators L i as nearly-conserved currents. In appendix B, we outline how to treat exactly conserved currents; we expect that nearly-conserved currents behave in a similar way. We will leave a complete analysis to future work.
In summary, the RG flow of (2.3) is described by the system of beta functions
The fixed point P 2 is attractive and occurs when the couplings are
This is sufficient information to determine the dimensions of the non-chiral, scalar operators at P 2 , which we will turn to in the next subsection.
Operator dimensions
Given the beta functions that describe an RG flow, it is straightforward to determine the set of scaling operators and their dimensions that describe the infinitesimal deformations away from a fixed point. Specifically, if we deform any fixed point by
where Σ is some operator of dimension ∆, the beta function for the coupling κ must take the form β κ = (∆ − 4)κ + O(κ 2 ). Reversing this logic, if we are given the beta functions for some couplings κ i near a fixed point, we can determine the anomalous dimensions of operators at that fixed point by Taylor expanding and diagonalizing the beta functions around it,
The eigenvectors and eigenvalues of ∂ κ j β κ i determine the scaling operators and anomalous dimensions, respectively.
Applying this to the beta functions (2.10) at the fixed point (2.11), we find the matrix of anomalous dimensions at P 2 :
As discussed in the introduction, we are interested in the anomalous dimensions relative to 2γ X = 2ǫ. It is convenient to introduce the shifted matrix
The eigenvalues δ of this matrix satisfy the characteristic equation
where we have used (2.11) to replace λ ⋆ with √ ǫ/π (again, dropping higher order corrections for now). The minimum eigenvalue δ min ≡ ∆ min − 2∆ X is the quantity of interest, introduced in (1.2). In order to understand the behavior of δ min , it will now be useful to distinguish different scenarios for the ν i :
2 To keep the presentation from becoming too cluttered, we will simply drop the higher-order terms in conformal perturbation theory in the following formulas. We will discuss some of these corrections shortly. In the next subsection, we will analyze their effects more systematically. 
The minimum eigenvalue of any symmetric matrix is always smaller than all the diagonal elements, so we conclude that
in this regime. The second thing that happens in this regime is that the mixing with X † X is enhanced, making its contribution to the anomalous dimension reliable compared to the O(ǫ 2 ) from higher order in conformal perturbation theory. The situation is clearest if ǫ ≪ ν i ≪ 1, where we find from (2.15) To summarize: in this section, we found that the lowest dimension operator that can appear in the OPE of X and X † has dimension that is at most ∆ min = 2∆ X + |O(ǫ 2 )|.
When ν i ≪ 1 for some i, as is the case for all fully perturbative SCFTs, we found that
The bounds when ν i ≪ 1 are stronger than those found in [11] . It would be interesting to determine all O(ǫ 2 ) corrections to see if this is true in general.
Taking into account higher-order corrections
In the previous subsections, we determined the fixed point and the matrix of anomalous dimensions by neglecting higher order corrections in conformal perturbation theory. Now let us discuss the conditions under which this is valid.
One basic assumption which we have been making implicitly so far is that there are no large hierarchies in the OPE coefficients. Without this assumption, leading-order conformal perturbation theory is not necessarily valid. For instance, if the coefficient of yλ 2 in (2.6) is anomalously small, then higher orders in conformal perturbation theory involving unsuppressed OPE coefficients could dominate.
In other words, we are assuming that parametrically, (2.6) and (2.8) are really Having clarified this point, let us now systematically consider higher-order corrections to γ X and β y i , the . . . in (2.6) and (2.8). Corrections to γ X must be proportional to λ 2 ; combining this with (2.20), we conclude that they are always subleading for determining the fixed point couplings. As discussed in the previous subsection, they are also subleading for determining the anomalous dimensions, provided that there are L i operators with dimensions close to two. All higher-order corrections to β y i proportional to λ 2 are also subleading for determining the fixed point couplings and the anomalous conditions, in general.
This leaves corrections to β y i which are O(λ 0 ), i.e. which involve the y's only. Since these should be compared with the classical term ν i y i , they can conceivably be important
These will affect the matrix of anomalous dimensions as
ν i is too small, even if it satisfies (2.9), this perturbation to the matrix of anomalous dimensions could be larger than the classical dimension. For this paper, we will simply assume that these higher order terms are subleading. Nevertheless, it is plausible that this assumption could be promoted to a consequence of y i⋆ ≪ 1. Because the two-point
OPE ensures that δΓ ij is negligible when y i,j ≪ 1. However, a careful derivation valid to all orders in perturbation theory is beyond the scope of this work.
More generally, as mentioned already in the previous subsection, in order for our analysis in this paper to be valid, we must avoid extremely small values of ν i . The classical approximation of β y i = ν i y i + . . . should be a reliable starting point for conformal perturbation theory. For this to be true, ν i must be parametrically larger than any of the corrections to the dimension of L i coming from conformal perturbation theory. In the BZ models with κ ∼ 1/N being the smallest parameter, this is automatically guaranteed.
Overall, the complication presented in this general analysis is that, a priori, all the OPE coefficients and dimensions appear to be independent parameters. If one of these numbers is anomalously small or large, it could invalidate our leading order calculation.
In practice, a given theory (or class of theories) is controlled by a much smaller set of parameters. Using these parameters, it is easier to establish the regime of validity of conformal perturbation theory.
Banks-Zaks Fixed Points
In the previous section we presented general results on the spectrum of operators in the OPEs of a nearly free, chiral superfield X. Now, we will illustrate these general results with broad class of simple, calculable examples, namely supersymmetric BanksZaks [35, 3] (BZ) fixed points and their generalizations. We will examine the dimensions of operators at BZ fixed points from a more conventional perspective 5 and show that the results agree with the analysis using conformal perturbation theory.
Before we start with a detailed analysis, let us make a few general remarks about perturbative SCFTs. In four dimensions, gauge fields are required in order to produce a non-trivial, perturbative fixed point. This requirement has several important consequences:
(1) Charged matter cannot produce chiral operators of dimension near one because the matter fields are not gauge invariant. (2) To produce an operator of approximate dimension one, we must introduce a singlet, X, under the gauge group; therefore, the only marginal or relevant interactions are through operators in the superpotential. (3) The kinetic terms for the matter fields are approximately dimension two and will appear in the OPE of X and X † . (4) Therefore, all the models of this type are described by "scenario 1" of the previous section and we must have δ min < 0 on general grounds. The two examples in this section will serve as illustrations of these basic observations.
Simple Banks-Zaks fixed points
The simplest supersymmetric Banks-Zaks fixed points arise in N = 1, SU (N c ) gauge
only coupling in these theories is the gauge coupling; since we are at large N , we will use instead the 't Hooft couplingĝ
Its RG flow is described (in a suitable scheme) by the NSVZ beta function [37] :
5 In particular, we will take formulas and conventions for perturbative beta functions and anomalous dimensions directly from [36] .
where we have defined f (ĝ) so that f (ĝ) = 1 + . . ., and
is the anomalous dimension of the fundamental flavors. We have written the anomalous dimension in the form (3.3) to emphasize the nature of the double expansion in 1/N c and g. The Banks-Zaks fixed point occurs at βĝ = 0, which according to (3.2) is equivalent to 4) or in terms of the 't Hooft coupling,
Here the 0 subscript onĝ * is to emphasize that this is the fixed point in the undeformed BZ theory. Shortly we will deform the theory by coupling it to X, and that will change the value ofĝ * .
The BZ fixed point will play the role of P 1 in Section 2. We would now like to identify some linear combination of the gauge invariant operators Q f Qg with the operator O in section 2. According to (3.4), these have dimension close to 2:
Note that since Q andQ are not gauge invariant operators, there are no chiral primaries with dimension near 1. This is a general feature of all BZ-type theories.
As discussed in Section 2, the principal requirement on the operator O (other than having dimension close to 2) is that after deforming by d 2 θ λXO, the U (1) X symmetry is completely broken, so that no conserved currents appear in the X † X OPE. 6 Modulo
this condition is uniquely satisfied with the choice
The normalization a =
is chosen so that O is CFT-canonically normalized (with Q,Q canonically normalized). The deformation breaks the flavor group
there is no unbroken U (1) which can appear in the OPE of X and X † .
To make contact with Section 2, we must also determine the OPE coefficients and
Here c is the OPE coefficient, and L is given by
To leading order in perturbation theory (i.e. with free-field contractions), the coefficients b and c are given by
The additional scalar operators in (3.8) can be safely ignored. Any L i must be a SU (N f ) diag × U (1) R singlet and be invariant under Q ↔Q, and (3.9) is the unique such operator with approximate dimension 2. Note that the OPE coefficient is 1/N suppressed. This is a general feature of BZ-type theories and is important for the decoupling of global symmetry currents explicitly broken by the deformation of P 1 . We also note that L is a singlet under the full SU (N f ) × SU (N f ) which leads to a further decoupling of these currents.
We see from (3.9) that L is nothing but the anomalous Konishi current of the SQCD theory, which satisfies the anomaly equationD 2 L ∝ TrW α W α [38] . Therefore the anomalous dimensions of L and Tr W 2 α are the same. The latter can be derived by expanding the beta function for the gauge coupling around the fixed point (see the related discussion at the beginning of Section 2.3). We conclude that
where f (ĝ) was defined in (3.2), and we have used (3.3) and (3.5) in the last equality. The
Finally, let us deform the theory by
and work out the matrix of anomalous dimensions in this simple example. Here a was defined below (3.7). We will first compute the anomalous dimensions using a more conventional perturbative approach. Then we will compare this with the general conformal perturbation theory of Section 2.
In the deformed theory, the anomalous dimensions of X and Q are given by the following:
where we have introduced a large N coupling for λ,λ ≡
The beta functions consist of (3.2), together with
(3.14)
While these equations are exactly solved by 15) the couplings at the fixed point are determined perturbatively using (3.13),
At the new fixed point, we note thatĝ * differs fromĝ * ,0 at O(ǫ/N 2 c ). Given the couplings, we find the matrix of anomalous dimensions is given by:
The eigenvectors of this matrix correspond to scaling operators formed from L and X † X, with anomalous dimensions given by the eigenvalues: 
so the eigenvalues are:
, then we find perfect agreement with the correction to the 2ǫ eigenvalue in (3.18). On the other hand, our 1/N 2 c correction to the ν L eigenvalue does not match. This is because we are keeping enough terms in conformal perturbation theory to determine the correction to ∆ X † X , but not enough terms for the correction to ∆ L . For instance, a term ∼ c i y i λ 2 in β y i would correct ν L at the same order as what one gets from mixing (but it doesn't affect the correction to 2ǫ to leading order). While it would be interesting to also get these terms right, it is not necessary for our purposes and is beyond the scope of this paper.
Of course, given (3.11), we know that this example does not come close to testing whether the dimension of X † X can be larger than 2∆ X ; in terms of the classification of section 2.3, we are in the ν ≪ ǫ regime of "scenario 1." This occurs in most BZ-like fixed points -the X † X OPE always contains an operator associated with an anomalous U (1), like L, whose anomalous dimension ν L typically obeys ν L ≪ ǫ. As we will show in the next subsection, it is possible to construct a model with all ν L > 2ǫ, but at the cost of significant tuning of parameters. 
Generalized Banks-Zaks Fixed Points
Clearly, to get a meaningful example with all ν L > 2ǫ, we need to consider generalized BZ fixed points which have multiple small parameters and the freedom to dial ǫ → 0 without simultaneously dialing any of the ν L → 0.
Shown in fig. 1 is a quiver diagram for a viable generalized BZ model. Although the model is quite complicated, it is the simplest example we have been able to find. The nodes in fig. 1 are labelled by N i , i = 1, . . . , 6; circles indicate SU (N i ) gauge groups, and The non-anomalous, unbroken flavor symmetry of this model is
together with 5 baryonic symmetries left unbroken by the Yukawa couplings. In addition, at the fixed point there is an unbroken Z 2 symmetry under which Q ij ↔ Q ji .
We will choose to preserve this Z 2 symmetry along the entire flow, to avoid unnecessary clutter. As a result, γ ij = γ ji and λ ijk = λ kji . One can also include the Z 2 odd couplings and verify this explicitly.
As we will show, in this model ǫ ≡ −2γ 12 can be dialed to zero while keeping all the gauge and Yukawa couplings (and hence all the ν L ) nonzero. Therefore, we will couple X to O ∼ Tr Q 12 Q 21 .
(3.21)
Before we launch into a more detailed analysis, let us discuss some general points:
1. O appears to be the unique operator in this model whose anomalous dimension can be dialed to zero independently of the couplings.
2. Unlike in the previous example, O is a singlet under the gauge and global symmetry of the quiver theory. The analysis of section 2 will apply directly, without having to deal with any of the complications discussed in appendix B.
In general, there are a number of approximately dimension two scalar operators L i
that could appear in the OPE of X † and X. Clearly, any such operator must be a gauge and global singlet, and they must be invariant under Q ij ↔ Q ji . The complete list of compatible dimension two operators is
There are 10 such operators, and they are all explicitly broken by Konishi anomalies and the Yukawa couplings. There are an additional ten, Z 2 -odd operators of dimension near two, of which five are the conserved baryonic currents. These twenty operators can be combined to form the twenty U (1) currents of the free theory that commute with the non-abelian flavor symmetry (Q ij → e iθ ij Q ij ).
4. For the choice of (3.21), only one operator, L 12 , appears in the X † X OPE to leading order. Its leading order OPE coefficient is:
5. This model has both Yukawa couplings and multiple gauge groups. Both are necessary conditions -otherwise sending γ ij → 0 necessarily forces ν L → 0 faster for some L. Now let us embark on a more detailed analysis of this model. We will follow the notation and conventions established in the previous subsection, with some minor additions. First, because of the complexity of this model, we will not be as careful about the double expansion in N and ǫ as we were previously; we will stick to leading-order one-loop anomalous dimensions at large N . Second, since here we have many N i → ∞, we will introduce an auxiliary parameter N , and define
where b i = 3N i − j N j are the coefficients of the one-loop beta functions. We will take N → ∞ holding fixed x i and ǫ i .
For a general quiver of this type, the gauge beta functions are (we neglect the denominator in the NSVZ formula, because it will not matter for our discussion): This is ultimately what allows us to tune γ 12 → 0 while keeping all the couplings nonzero (and real and positive). To demonstrate this explicitly, consider taking
with ǫ, ξ ≪ 1. The origin of coupling-space corresponds to ǫ = ξ = 0. Solving (3.25), one finds
independent of ξ. Thus we can dial γ 12 → 0 while maintaining ξ, and hence the couplings, nonzero (and real and positive). Correspondingly, at ǫ = 0, the dimensions of the L ij operators are all nonzero: and modifies the anomalous dimension of Q 12 , as in the previous subsection. Along with (3.25), the RG flow is now described by βλ = 2λ(2γ 12 + γ X )
At the new fixed point, we again have γ X = −2γ 12 = ǫ.
So as we dial ǫ → 0 while keeping the couplings nonzero, we will reach a regime where
This in turn provides a concrete example of the nontrivial part of "scenario 1" from section 2.3, where mixing with the L operators gives the dominant contribution to δ min and forces it to be negative. We can see this explicitly by using the formulas (3.29) to calculate the correction to the X † X anomalous dimension in the limit (3.26). For ǫ ≪ ξ 2 , we find:
This is the parametric behavior of δ min ∼ −c 2 i ǫ 2 /ν i expected from Section 2, with the smallest ν i ∼ ξ 2 dominating from (3.28), and c i ∼ 1/N according to (3.23) . We will leave a more detailed matching with conformal perturbation theory to Appendix C.
In summary, we have constructed an example that realizes all the regimes of "scenario 1" of our conformal perturbation theory calculation. This example serves two purposes.
First, it demonstrates that there is no fundamental obstacle to varying ǫ and ν i independently. Second, it illustrates how the bound derived in Section 2 arises in an actual example.
Comments on double-trace operators
In our treatment of the generalized BZ theories, we have neglected an important subtlety: the presence of double-trace operators. In large N theories, the OPE of single trace operators will contain double trace operators with O(1) OPE coefficients.
When all the OPE coefficients are comparable in size, we are justified in focusing on the operators of the lowest dimension, as they will have the largest mixing with X † X.
In the weakly-coupled BZ theories, we determined the dimension of X † X by isolating the mixing with single trace operators of approximate dimension 2, such as the Konishi currents. However, the OPE coefficients that control the mixing with these operators are operators is robust to all orders in perturbation theory.
Conclusions
A very interesting question, with numerous potential phenomenological and formal applications, is: what are the bounds on the lowest dimension operator that can appear in the OPE of scalar primaries? To date, most work on this question has focused on the constraints of unitarity and crossing symmetry [6] [7] [8] [9] [10] [11] , or on theories with gravity duals [33] . In this paper, we address how such bounds arise in perturbative SCFTs. Using conformal perturbation theory, we found that a bound ∆ X † X < 2∆ X can be seen directly from the beta functions.
The calculations in this paper were performed as a perturbative expansion in ǫ = ∆ X −1. In perturbative theories, the O(ǫ 2 ) contribution to ∆ X † X was computable because it is dominated by mixing with other operators with dimensions near two. These results are sufficient to cover a very broad class of perturbative SCFTs, including Banks-Zaks theories and their generalizations.
Extending our results to all SCFTs would require a more comprehensive treatment of conformal perturbation theory in several regimes:
1. We did not include all O(ǫ 2 ) contributions to the beta functions, including an O(|λ| 4 )
contribution to the anomalous dimension of X. These corrections will be relevant to strongly coupled theories.
2. When the deformation breaks a global symmetry, the RG flow is more complicated and a complete analysis might be insightful. In the appendix, we simply showed that the contributions to ∆ X † X from the broken currents are small in the cases of interest.
3. We did not completely elucidate the limit where the dimension of a non-chiral operator approaches two. As these operators become conserved currents in this limit, a description using approximately conserved currents would likely be more useful.
Finally, as with all perturbative arguments, our results do not apply if contributions
at a given order in perturbation theory are anomalously small. A more systematic understanding of conformal perturbation theory would be helpful to address these and other questions.
The calculations in this paper could be useful for understanding RG flows in other applications. One advantage of our approach is that we have made all properties of the RG flow manifest. The results in the paper are organized explicitly as a perturbative expansion in ǫ and are non-perturbative in any other small parameters present in explicit examples.
For this reason, our analysis could be applied to strongly coupled SCFTs that are weakly coupled to a free field. For example, many theories contain a regime of parameters where the dimension of a gauge invariant chiral operator violates the unitarity bound and is believed to become a free field [39, 40] . It is plausible that our results could describe these theories as the dimension of this operator approaches one.
Appendix A. Explicit Calculation of the Beta Functions
A.1. Setting up the calculation
In this appendix, we will explicitly calculate the contributions to the beta functions quoted (2.6) and (2.8). We will largely follow the approach taken in [15] . However, we do offer an improved understanding of total derivative counterterms, and to our knowledge we perform the first "two-loop" calculation in 4d conformal perturbation theory.
We would like to understand the renormalization group flow of the Langrangian (2.3).
For convenience we will write the action as S = S P 1 + δS with
As in the main text, we have taken ∆ O = 2 −ǫ and ∆ L i = 2 +ν i . Here we are being careful to show explicitly the dependence on the superspace coordinates (z µ ) ± = x µ ± iθσ µθ . In order to achieve finite results, we will impose UV and IR cutoffs Λ and ℓ −1 respectively.
We are free to choose a holomorphic renormalization scheme in which λ only depends on the cutoff through its classical scaling, λ = λ 0 (Λ/Λ 0 ) −ǫ , where Λ 0 is some fixed scale.
Also, by definition, y i refers to the part of the L i coupling which has the classical scaling,
We will determine the beta functions by requiring that the correlation functions are independent of the cutoff scale Λ. The counterterms δZ X and δy i in (A.1) are fixed by this requirement. Let us write δZ X and δy i as an expansion in the couplings:
By expanding a general correlation function in powers of λ and y i and performing the OPE repeatedly, we can fix the counterterms order by order.
For our calculations, we will need the OO † , XX † two-point functions and the LOO † three point function in superspace. Superconformal invariance determine these up to overall normalization [41] . We fix the two-point function normalization to one, and then the three-point function normalization is the OPE coefficient:
is a supertranslation invariant interval. From (A.3), we can read off some superspace OPEs that we will need for the calculation:
and
To be precise, the OPE limit we are taking in (A.5) is
denote superconformal descendants, i.e. derivatives in position and in superspace acting on the superfield primary. These will not matter for any of our beta function calculations in the next subsection.
Finally, one comment about our regularization procedure. As mentioned above, we will impose UV and IR cutoffs of 1/Λ and ℓ respectively. These will be imposed as a hard point-splitting cutoff between any two operators. It is crucial for our calculations that this point-splitting cutoff be implemented in a supersymmetric way. We have found that the easiest way to do this is to work in superspace instead of components, and to be careful to always impose the cutoff on supertranslation invariant intervals X + ij defined in (A.4). Other ways of imposing the cutoff, for instance on position differences x ij , appear to break supersymmetry, leading to non-supersymmetric counterterms.
A.2. Calculating the counterterms
Now we are finally ready to calculate the counterterms. Let us imagine expanding a general correlation function in powers of y i and λ.
1. At O(y), we find:
3. At O(yλ), we find (taking into account (A.8)):
Comparing with (A.15), we see that the required counterterm is
where the integrals should be performed at fixed z 
where we have defined the dimensionless integral function
In general, this is a complicated function of ν i and ǫ, because we must take care to regularize the integral so that |X 
, as is the case for the double-trace operators discussed in section 3.3, then (A.19) simply vanishes. Therefore, in this case, the wavefunction renormalization of X is independent of y i to this order. 7 Actually, we are dropping here a potential contribution from
This vanishes when ν i → 0 or when ∆ L i = 2∆ O , the two special cases we are interested in.
A.3. Calculating the beta functions
With the counterterms (A.2) in hand, it is straightforward to compute the beta functions for the couplings, keeping in mind we are interested in the physical couplings,
Using the counter terms and classical running of the bare couplings, we find:
where .12) , and (A.18), we obtain for the anomalous dimension of X:
At this order in perturbation theory, we are free to substitute λ phys , y 
Appendix B. Generalizing to the case with global symmetry
In this appendix, we will generalize the discussion in Section 2 to situations where O transforms in some nontrivial representation r of the global symmetry group G of P 1 .
By definition, when O is charged, the appropriate conserved current multiplets J a will appear in the O-O † OPE:
Here m, n and p are global symmetry indices. T a mn are the generators of G in the representation r; their normalization is fixed by the requirement that the J a 's are CFT-canonically normalized. We are free to choose g mn = δ mn at P 1 . 8 In writing (B.1), we have allowed for the possibility that L i transforms in some representation h of G. Allowing for charged O and L i complicates the situation considerably.
As before, we will deform the theory by the superpotential W ⊃ 1 2π λOX, where now λ transforms in ther representation of G (the global symmetry indices on λ and O are implicit). This deformation breaks the global symmetry, allowing the currents to acquire anomalous dimensions and mix with J X ≡ X † X and L i .
In order to arrive at a non-trivial bound, we should forbid the appearance of conserved currents in the OPE of X and X † at P 2 . That is, we will demand that our theory does not contain an unbroken U (1) current formed from a linear combination of J X and J a .
These satisfyD 2 J a = λT a OX + . . . ,
Therefore λT a and λ should be linearly independent vectors. Stated more formally, we require that the only real solution to
2), this requirement can rewritten (to leading order) as
After deforming the theory by λOX, the theory will undergo an RG flow to the new fixed point P 2 . As before, we will work in a holomorphic basis where the only renormalization is of operators in the Kahler potential. We should therefore consider the following action
At one loop, δZ a = −2π 2 λT a λ † log(Λ) [34] .
The beta function for y i is calculated in the same way as before:
The beta function for λ is not useful in the holomorphic basis, as the fixed point appears at λ → ∞. To study the fixed point, we will move to a non-holomorphic basis by absorbing Z a and Z X into the definition of λ. This can be accomplished using (B.2) to rewrite
The RG flow for λ is governed by
where γ a = − 1 2
∂ log Z a ∂ log Λ . We compute the contributions to Z X as before to find (at small ν i )
We will not compute all the contributions to γ a , but we will simply note that it takes the form:
From (B.3), we see that β λ = 0 requires 9 that
To leading order, this implies λT a λ † = 0 for every a.
We now wish to compute the scaling operators around the fixed point as before. In general, λ is an r-dimensional vector of couplings that admits many independent deformations. We are only interested in those "directions" that correspond irrelevant operators, namely the broken currents J X , J a . Other deformations either correspond to exactly marginal operators or total derivatives. In order to focus on just the broken currents, let us specialize to the deformations around the fixed point which correspond to them via (B.2):
with η 0 , η a real. In other words, we are trading the vector of couplings λ for a subset parametrized by real (η 0 , η a ) which correspond to the broken currents. Note that the unbroken currents automatically drop out of this since they satisfy λ * T a = 0.
We would like to know the beta functions for (η 0 , η a ) to linear order. We can read them off from (B.7), using the linear independence of λ * and λ * T a and the fact that
This conclusion is true, even when higher order terms in (B.2) are included. The solutions to β λ = 0 are equivalent to the solutions of D 2 ( a γ a J a + (γ X − ǫ)J X ) = 0, so our conclusion follows from forbidding conserved currents.
Combining this and (B.5), we finally obtain the matrix of beta function derivatives:
We can diagonalize the matrix 2π 2 λ{T b , T a }λ † →ν a δ ab , and shift by 2ǫ, to write this as
In a general model, the mixing of J X with J a is potentially important. To get a feeling for this, let us simplify things somewhat by ignoring the distinction between λ and y and just taking λ 2 ∼ y ∼ ǫ. Also, let us drop the higher orders in (B.14), as these are irrelevant for our discussion. Then the characteristic equation for the eigenvalues of (B.14) is
The last term in (B.15) can be traced back to the O(λ 2 y) and O(y 2 ) corrections to γ a which we have not computed. Ifν a is not close to 2ǫ, this term is higher order in ǫ and can be safely ignored, meaning the leading order for δ is as before. However, ifν a = 2ǫ+O(ǫ 2 ), then the last term in (B.15) cannot be ignored for determining the leading order δ.
To summarize so far: we have seen that it is valid to neglect the mixing with the J a operators, as long as their anomalous dimensions are not extremely degenerate with 2ǫ. If ν a − 2ǫ ∼ O(ǫ 2 ), then the mixing with J a cannot be ignored, and more study (beyond the scope of this work) is required.
We will now conclude our discussion by describing two important classes of models where the mixing can always be neglected, regardless of the J a anomalous dimensions. require that L i L j J a = 0 (or equivalently that J a is not in the OPE of L i and L j ).
As a result, the higher order correction to γ a take the form The O(1/N 1+α ) came from two contributions to γ a -the contribution at O(yλ 2 ) involves OO † L i → J a , which involves two OPE coefficients; and the contribution at O(y 2 ) arises from LL → J, plus the fact that y ∼ O(1/N ) from (2.11). So we conclude that the correction from mixing withν a is suppressed by 1/N 2+α and vanishes relative to the O(1/N 2 ) contributions computed in Section 2. As a result, the conclusions are unchanged.
Appendix C. More on the Generalized Banks-Zaks Example
In this appendix, we would like to make contact between the analysis of section 2 and our generalized Banks-Zaks example, by rederiving (3.30) using the general formula (2.18).
In order to use the results of section 2, we must determine the operators in the OPE where Γ is the matrix of anomalous dimensions in the L ij basis. The last remaining step is to find the transformation into this basis starting from the matrix of anomalous dimensions obtained from the beta functions (3.25) . This change of basis is implemented by the Konishi anomaly and U (1) equations of motion. Adding y ij L ij to the Kähler potential is equivalent to rotating Q ij and Q ji by the axial phase
where the charge q ij ∝ 1/ √ x i x j can be read off of the Q † ij Q ij L ij three point function. This in turn induces a change in the superpotential and gauge couplings, via the current non-conservation equation (for a nice discussion of this, see [43] So this is a linear map S which takes the couplings y ij to the couplings (ĝ,λ). If we then compute Γ using the beta functions (3.25), we obtain it in the L ij basis by acting with Γ → S −1 ΓS. Substituting this into (C.3), we find perfect agreement with (3.30).
